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Year 2 Hyperbolic functions - inverse hyperbolic functions; application to solving simple
hyperbolic equations

Answer ALL questions. Write your answers in the spaces provided.

1. (a) Prove that

1 1+
tanh™ (x) = 5 ln(l_i) —k <x <k

stating the value of the constant .

(b) Hence, or otherwise, solve the equation

2x = tanh(ln\/2 - 3x)

(a\notice we are asked to prove the definition of an
(one of the results given (n the formula booklet)
WAY |: manipulating LH5 to qive RHS
first tet yztanh'(x)
taking tanh of both sides
tanhy =) =) x= {-anl\y 7777777777

reuriting RHS of above wsing exponentml deﬂndwn. of sinhy

and Coshs (or Sl:rmghj:ﬁauaj 7@3'“0'&527(!.7*9'\53' ed- l

2'3+I

x-&'ﬁ\_hL -;lﬁ(% Q‘j) *e;"-e" 322 B

cesh 3 _i(e‘t,.e ‘1) edte ¥ oY

W R 77777ﬁ,¥x‘£;"| ae .
AVELAIFCIRaR mwEINOIET

> Crogs mu l‘h’p(j
X (e4l) =e¥?-
expand LHS
eMxsx zel-]
remembering heed equation to solve for 'y as Ertank"(x) ~make

’4' the subject of above j
collect \ike terms

e _xell =1+
factorise ¢4 out
e"(( =x)=[+x
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#(1-x) =(1-x)

e¥ - e
S d
take logs of both sides
_:)223 =ln ( =) =2
=4 | +X
Y=2 In ( |-x)

now subbing n ‘1=fank"(x)
Stz Ln (1326
tanh'(x)= 3 n(l-x.
uhere can't take logs of -ves | $o need

restriction on ¢he > -
-l Ll

WAY 2: manjpulating RHS to qive LHS

qiven
taking tanh of both Sides
s x=tanh [ [n (14X
( 2 ( |-x) )
now trying to manipulate the RHS to get LHS=u 2
uSing {anh\J exponential definition on RHS - éanlnj :__?_'I

iln (32X (+X 1y
RHS = @.z("n ""))-‘l oln ""‘)-l el

L(iln(1ex - ¥X
e (3 (,-x))+| eln LlT",-I-l
notice In and @xponential powers CANCEL togive:
l+x [t -([-x)
l-x getting common l-Xx
l

P, denominator 14+ +((-x)
(=X [ =X

"
N

1=
LHS=RHS . origit\ql tonjecture
myst be brue
L also can't take logs of -ves
=1Lyl

(k) Solving the equation means solving for ‘x'-notice there are x's on 8OTH
SIDES of the equation



Question 1 continued

...two main uays to solve -

WAY | taking artanh o{ both sides WAY 2: using hyperbslic tanhx definition

tanh ' (2x) =tnd2-3x
using proved
in (- 2x) and

Log power rule 00 RHS

1x )
= n(2-3x)
- L I+ )
) l (l_ 2x -iln,(l 5)‘)
equating insides of both logs
__I+7.x. =21-3x
I-2x

¢ross m‘.ltiplj
1423 = (1-23) (2-3x)
=) (+2x = 2-3x-Y)x +6)3

=) 6x*-x+[=0

Solvin g above

tanhy - e

el
2[1\.’2-3&

iln ﬁ/-;x
e +

=) 2x=

using log pouer rule

Iy = eln(ﬁx)
el"(ﬁ‘ + |

notice lns and exponential powers cancel
2y ¢ 2 =3x-|
2-3x 4|
=) lx= |-3x
3-3x
cros§s multipl
2x(3-3x) =1-3x
expond brackets
bx-6x?=1-3x
=)bx*-qx+|=0

for x

x= 9 tJ(-aR-4(4)) _ q 4 Bi-14

Yy
2(6)
= qt[5}
12
but know 2x
=) x= 9-J57
12
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(Total for Question 1 is 10 marks)
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Year 1 Roots of polynomials - related expressions

. The roots of the equation
¥ -2x*+4x-5=0

are p, g and r.

Without solving the equation, find the value of
L2 2 2
iy —+—+-
p q r
(i) (p—Hlg -H(r—4)

(i) p* + ¢* + 1

given the ... look tb apply our roots of polynomial
equations formulae:

x3-2x+ 4x-5:=0

where:
Sum of = IJ_-’;-
roots st
Sum 0-’ = a-C/

product pairs

"W n

Product of rosts =

now we Look to use the above to find related expressions asked for (n
the question:

() 2z, 2,2 -Hodingcommon 2(qr)+2(pr) +2(p2)
P 4 r denominator: Y,

=2(2«k) _ 2()

= g/s

P 6 1 1 7 8 A 0 4 2 8
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Question 2 continued

Cii) (p-u)(q-4)(r-4
WAY |: have to expand. these triple brackets out:
Lfirst the first two brackets

(P‘l"-lp-’-lqﬂé)(r-‘f)
expand brackets
Per-Ypr-Yqr +16r-ypq +16p +16q-¢CH
Collect ke terms

par- 4(prtqripa) +16(prq+r)—64 - this can be rewritten
using roots of polynomials formulae

-4 (2ap) +16(2) -64
-‘t()+l6()—6‘r
=5-[6432-€Y

:-q_:,

WAY 2:treat as a ‘transformation of linear roots'

(.e let J=x=-4
=) )(.=|J+"f
sub this iato

W+Y v+Yy uil

. expaad Binomially
.- Pascal's triangle: . 3
., (1a%+ 30)m) + 300 #1(4))-2(a*+8u+16)
3t +4u+16-5=0

(xpﬂnd out
W31 2u 4 48U 464 -2ut-16w-32 +Hu+16-S =0

collect like terms

W3F10Ww2+ 236w +43:=0
uith roots P-"il q-4,r-4

question asks for the
of these SO usiag of tronsformed cubic
= = -‘(}/' = "'l’?)
5



( )

Question 2 continued

ii) ¢>3+q‘31-r3 -this (S a sum of cubes -2 main ways to solve:

WAY |: us'mq memorised (Pearson {extbook)
The rules for sums of cubes:

+ Quadratic a’+ 3 =(a+/9)-3a8la+ )

+ Cubic: a’+ @+ =(a+G+9) -3 a+8+4)ab+ Gy +7a)+3aBy

p3tqdrrd = (2)3-3(2)(4) + 3(5)
= @-24+I5
= -1
uAY 2: vecognising P*+°+r®as a potential result of the manipulation of
(pra+r)® =(prqrr)(ptorr)p+qtr)
expand first tuo brackets
=(p +pq+pr+pq+ q2 +qrpreqrer)(ptqtr)
collect Like terms
= (P% q:u’ +2pq +2pr+ Igr)(p-}q,w)
expand brackets

=p34qp+r2p + 2pq + 2pir + 2par +P%q +q2 +qri+2pql+dprq + 2+

PIr 4+ q*r+vd + 2pqr + 2pr2 +2qr?

7(F'1'F)3’F3*q3| p!' zp‘q l!p‘c ,,3’”:1 ' qu’ ,3‘,,‘1 t!q’t lequt

3 2.2, 2 2 2

e want an expression with (p4q+r) and need tdo work out what the other
bracket vould be .U can see by inspection that [obs of terms have a

squared power multiplied by an tndividual pouer,so let's start vith pq.qrirg

(since it's symmetrical) ond we know we'll at least qet some of the
terms ue're Looking for.
34q%4r3= 3. +Qsr r+qr) -6 pqr
Ue need to manipulate this a bikt as ue doa't yeb know uhether it's correct.
Ue expand 0ut:
-3(p+94r)(pq+qr+Pr) to qet
-3p2q~3p*r -3pq2 - 3q*r -3qr*-3pr* so we've created
that uas net there originallj Jhich u@ need to
uith a

r’ #%LWL)—;M@WM__ ) _46.9_%_;
NN T 00
P 6 1 1 7 8 A 0 6 2 8
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Question 2 continued
WE can collect [ike terms
pitgl+ri= (p+q,+f)3-3 (f-l-q;fr)(py ar+Pr) +3pqr
dnd subbing in appropriate roots Of polynOmials formulae
= (2 ? —3 (2ct) (L) +3 (1)
= (213-3(2) (1) +3(5)
= -1\

DO NOTWRITE INTHIS AREA

(Total for Question 2 is 8 marks)

.
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Year 2 Hyperbolic functions - hyperbolic calculus & Year 2 Calculus - finding
mean value of a function

1

Vax* +9

f(x) =

(a) Using a substitution, that should be stated clearly, show that
[£()dx = Asinh! (Bx) + ¢

where ¢ is an arbitrary constant and 4 and B are constants to be found.

(b) Hence find, in exact form in terms of natural logarithms, the mean value of f(x) over
the interval [0, 3].

VIYY SIHL NI 31LIYM LON Od

La)looking at fact that in the answer -looking at formula booklet
to see whith integration uould involve an

arcsin| = (|.1' < a)
[a] but need to manipulate to just get :

1 X
a’+x° a (;) a Siﬂg|€ ')f.' N *qkiﬂ’ O\At l_!‘-'l- = Lz i

- r-’L de——at: Yy :
2 x‘-l-“/q =Y, |

x {3
urcosh[—], Inf{x + /x> —a*} (x = a)
a

1 e 5
= arsinh| — |, In{x + +/x* +a*}
x2 a

1 1 a+x | x
— —In = —arlanh[— (x| < a)
a* = x? 2a |la=-x a a

1 1 xX—a

X —a’ 2a |x+a

2 different substitutions ue can now make :
WAV [:uSing substitution : x=%5sinhu

dx _
a = S/ZCOSh\A

=) dic= 3 coshudu

subbing 'into the integral :
|

aj f(T/z:"‘““)”% 3, coshu dw
= L [ Yypeoshu

[ [%smk‘u%
recognising denominator can be man/pulated using the main hyperbolic

P 6 1 1 7 8 A 0 8 2 8
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identity REARRANCED: coShx -sinhlx =
=) osh2x = | + Sinh*x
=) A (l +Sinhly) = <osh"

—_— W

l qlq (OShz

- J 3/2 ‘°$hu.
2 S/z (05‘\%

-ifldu

= %u+c
using 3= 3 sinhu
but making ‘u' the subject

=3, =3
=).l,;- x =sinhw

=S)Yuz= arsinh( -2-'3)-()
SMBBI’I\S into ansyer
= 7 (arsinh (22)) +¢

= -'iarsinh(z—;-‘) +C

=) A= '/2, b=,

WAY 2:using substitution:let 5= S u

X .
d“ I,
=)dx= /z du

Su bbing into m’ceqml

[ giabe = [ TTTem i
|
:-2-\( ﬁqdu

at=q
square root
S)azl
and (an straight auay sub iato formula book
integration

z 'zntsmh(s)-l-c

need to Sub “«' bach in -rearrange x:l/z“
=) U=2x



DO NOT WRITE IN THIS AREA

DONOTWRITEIN THIS AREA

Question 3 continued . Larsi 1x
uestion 3 continue -°‘(f()C)d’ - -Z-Grslhl\ (_3-)+C

=) A:‘/z ) 3;2/5

(b) rem-nbermg formula to find mean value of a fm.dion
- |
Hx)= g7 Iz §x) dx
== [ = ax
o |

already know the indefiaite integral from
all we need to do is evaluate this at the

-% [-;_arsink(%)]i

] 133(-;ursink(1) - Larsinh{o})

= Larsinh(2)-0 = —éarﬁnk(l)
‘in ter 0tural logs suqqests
ue Nheed to use the formula book definition of
arsinhx = ln(x+ 541 )
=%(n(2+.‘2‘4l)
= %lr\. (2+]5)

(Total for Question 3 is 6 marks)

P 6 1 1 7 8 A 0 9 2 8
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Year 2 Complex numbers - complex sums of series

4. The infinite series C and S are defined by

1 1 1
C =cosf + 500550-1- Zc0s90+ gcosl30+
i S Wy

1 1
S =sinf + Esin50+ Zsin90+ gsin130+

W
Given that the series C and S are both convergent,

(a) show that

VIYY SIHL NI 31LIYM LON Od

5

+iS =
C+1S ’_

(¢)]

(b) Hence show that

B 4sin @ + 2sin 360
 5—4cos40

(o) WAY I: uorking uith pronenl:(als
here we are dealing uith complex sums of series .. let's wse the given
‘' and. ‘S expressions to qet C+iS

{
C+i5 = 050 +isinB+ 5 (055G +isin $6) +-|':‘(cosqe+isinqe)+... 5
changing above into exponential {orm.: '

- oib, 1iSe

| ,196
2 + 'L‘le ‘,‘...

now using the sum of series to infinity equation from Pure Yr 2:

aseid onvergent )
r=-;-e“'°¢ =) |rr 2l 2
o

S, = Q 2

o '—‘ =

-r 7

= Q.e x2 E

|- Leit® x2 E

WAY 2:yorking vith mod-a/q form:

10
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from WAY |:
C+iS = CosO+iSind + -'7-_ (c0s56 +isinsh) +< (cos0 +isin90) +...

uhich using OMT can be rewritten as:
= SO +isin® + %(coseﬁsine)gﬂl-—";(cosescisine\q o
and su bbimj into Pure Yr 2 sum of series to infinity

A =c0s0+iS(nO
r= é(coséﬁsine)"

_a
S = 1=

-~ (050 +1sinB
B S

| = £ (cos+ising)"
now Lkangl’ng ko exponential form
¢ Ot \ne _ 2ei
| - -;-e""G x2 2."6“‘6

(b\ NAY (:uorking vith exponentials
manipulating using hyperbolic expression methods

notice ue have @ 2 — (n front of the exponential in the denominator;
thvs is in the form ki'/k-/.k ~have to m\'\”‘iplg nvmerator and
denominator by .tke denominator vith the exponential power
NEGATED .~ 2-oi40
=) 2@ 5 _.-ite
2-0i46 7_._e'-i‘ie
= 20i8(2-¢ "4
y _u-me_umewitw(e-tue
expand numerator and cancel on d2nominator
_ ,_leae_ze-ise
tel-2(et04e M%)
ly notice ue can use e"O4 ¢"'"0 - 2c05no on denomina tor
= qeie _Ze'gie
S-2(2c0540)
< \-'-elo— Ze-sie
S- Yewsko
nok converting exponeatials into mod-arq form




ﬂcose-l- isin@) -2 (cos(-30) +isin(- 36))
S-Ycos540

reurttia
3 even function - c05(-60)=cosh
sin 0dd function - s{n(-0) = -$inO
=) Y(cosd +isinb)
S-Yeosyo \
but question only asks for S e multiple of ‘L
¢ = 4sin® +24in 36
S-4¢w540
WNAY 2:uorking with mod-arq
1S = L ..
€15 ,_Tei‘te --into mod-arqg: = COSG'HSme
2 o 0% z((OSG#iSine)":l
= 2(c0sO +isinB)
2-(coslt64isin9]"
uSing oMT to get multi-angle
trig function
= 2(cos0+isind |
2 - (cosu+isin;0)
expand out
2c050 +2isinb

— = 2¢050+2isin®
2-cCoskO-1sin 46 (2-cos46)-isin©
multiply by denominator but uith ‘i' multiple neqated

= 20050 +2(5inO < (2-C0s40)+isinks
(2-c0s48)-isin®  (2-cosys) +isinke
expand numerator

%050 -2co50c0s40 +2isinkO +4isind -2isinOcos 40 -2sinOcin ko
(4-t4cos4O + 0?40 ) +5int40

= 4¢0s0 t Hisin® -2¢050¢0640 -25inBOsin4 O +2iSinHO oSO -LisinOcos4o
S-Ycoslo

hoW ¢ompare imaginary terms




Question 4 continued
S 4SinO +2sin40 €SO -25inOcos4H
i S- o5k
using sine addition rule-numerator

= 4sin@+2(sin(10-6)) [ o +1sin30

§-4¢c0s56 S-Ycosd

(Total for Question 4 is 8 marks)

p 6 11 7 8 A 01 1 2 8
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Year 2 Modelling with differential equations - solving and
evaluation second order homogenous differential equations

5. An engineer is investigating the motion of a sprung diving board at a swimming pool.

Let £ be the position of the end of the diving board when it is at rest in its equilibrium position

and when there is no diver standing on the diving board.

A diver jumps from the diving board.

The VEitical displacement, /#cm, of the end of the diving board above E is modelled by
the differential equation

2
4M + 4% +37h =0
dr? dr

where ¢ seconds is the time after the diver jumps.

(a) Find a general solution of the differential equation.

When ¢ = 0, the end of the diving board is 20 cm below E and is moving upwards with a
speed of 55cms™.

(b) Find, according to the model, the maximum vertical displacement of the end of the
diving board above E.

(c) Comment on the suitability of the model for large values of ¢.

(a)notice ue are dealing witha homogenous 20DE
AE: 4bm*+4Ym+33 =0

Solve -[»Of ‘mb+catc equin Solver-or qua atic formula
m = -4 £ [ -a(4)(33)
204)

*-4+[-536

1
2
=) T -2 k3¢
Uhich sugqests that there are 2 distinct (omplex roots -
need to use general formula o€ (Acospt +8sinpt)
ax h=e %% (Acos3t + Bsin3t)

12
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DO NOT WRITE IN THIS AREA

DONOTWRITE INTHIS AREA

Question 5 continued

(b) subbing the initial conditions iato (to qet a particular solution)
at l::O, h=-20

-20=e°( A cos (o) +8sin (0))
=)A=-20
next differentiate so use speed -using %t(e"*} = kekt

product rule

% 2-0.5¢75¢ (Acos 3t +8sindt) +e25¥(-3Asin3t 438 cos3t)

at t=0, dh - g¢
dt

§S =-o,sg'°'5(o)(Acos(3xo)+ Bsin (3x0))

+ 25U -3A sin(3x0) + 3B cos(3x0))
=) §5=-0.5SA+28
Subbing in
$§z-0.5(-20) +38

=) 33 =4S
=3 =3
B=1S

TSl =t L20c0s3t4 I8 sin3E)

but asked for max displacement (.e % =0 = this uitl help
us to find the ‘1" atuhich Ky gy oceurs

differentiate using PROOVCT RVLE and ﬁ(sinu’t\-'kcosk{
4 (coskt) = =sinkt
at

=-0.5e%5t(-20 msst+|5‘sin3t\+e'°‘s*(60sinu +45c083t)
=0
multiply brackets Lj-o,g
=) Q.M*(Iocos%’c-'}. Ssin3t) 4 e’o'S*(GOsirM +t4Scosdt) =0
collect \ike trig
C-o'ﬂ ( §$$0s3t +52.5¢in3t)=0
13
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Question 5 continued

making each bracket equal 0

e %tyo §Scosit +52.55in3E=0

due t0 exponential =cos 3t +cos3t
‘3“?" properties

Py =) S'S-I'SZ.S'l'anS{'-‘-O
—

N =) 52.Stan3t=-§§
¥ <61.§ YRy
=)tanit=-59%
52.§

arctan of both sides
= = -1 -S_g
s (-5

but time) O -uging
tan angle lqu
It =tan'(-5§
( sz.S') ¥
=)3t=2. 3329Y..

S e

(t=0. ’H‘-}G

now Subhing this ‘¢! into our to qet the value of hmax
1y =00 ST (C20005 (34033 ) #15 sin (3 %05 7-)

(c) value of h ¢s very Small vhen b s large (-ve pronei\h'qll vhich
considering the context of the question is likelj te be correct }displatcmen-t
Should decrease AND never =0 | .. sultable model

14
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Question 5 continued

(Total for Question 5 is 12 marks)
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Year 2 Complex numbers - geometric problems

. In an Argand diagram, the points 4, B and C are the vertices of an equilateral triangle
with its centre at the origin. The point A represents the complex number 6 + 21.

(a) Find the complex numbers represented by the points B and C, giving your answers in
the form x + 1y, where x and y are real and exact.

The points D, E and F' are the midpoints of the sides of triangle ABC.

(b) Find the exact area of triangle DEF.
e

(a) using knowledge from Yr 2 complex numbers -if 2, is one root of the
equation 2":=5 and ), w,w? ..., w! are the ;then khe
roots of 2" =5 are qiven by z“z,w,z,wz,...,z'ul""
=) because we're looking at an ,ue con find
the coordinates & and C by multiplying by the

L 20
follouing (]Qnefal formula: w* el Ik

=)

METHOD I: working uith exponentials and linear transformations
chanqing 6+110 (nto exponential form

16+2i) =61+ )
- {364y

“To

: 06 1
alenn) i) $i on T ¢
-[(m-
< tan™! ('/3) ‘R — g
L keep as this as ® ©

then easier to use in Caleculatisng

=) Q= X
mei(hn"('/s) +2“/5)

but netice that if were to onvert this 8 inte a+bi form
ue wona't 9et exact values

. notiting that we should interpret the
as rotating =, by 2":°'= (indicated belou)

) R PN O
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DO NOT WRITE IN THIS AREA

DONOTWRITEIN THIS AREA

Question 6 continued

Ny hence usmcl our lmouledge from Year | of linear &(ugf,,(ma{.,o,\s
e anticlockuise - [0SO -smB)
u@‘% -~ rotation ije n u oo o
T subbing in 6=120° and multiply by (g)

o5 (120°) -sin(lzo°))( )
sin(120°) cos(120°)
matrix multiplication=-"“roug into columng"

6(c0s(120°)] - 2(sin (120" )) )
6(sinl120°)) + 2(¢os(I20°)|

n-cale
-3-8
=143
because above is in the format (’;)\ue can Say that
B is in the form X+iYy

=)[B= (-3- ) +i(-1+303)
..now {or C y 2u9ays:
WAY I: using 2,
C=ty= fipe'

o (tan '('/s) * "“)

-,"\/ . "1

uhich is the same as rotating G+2( by 4(190*)_ 240°
c08(240°) -sin(240°) (u)
sin(240°) cos(240°%)
matrix multiplication - “rons into columns"

6¢05(240°) - 2 sin(240°)
6sin (140°) +2 (05(2'-|O°)

about origin

( 3'”;’-3) (3,1() clno iy form:

~ ez [-343)+i(-1-353)
WAY 2:usinq 2, *
rotating 2, by another [20°-re presented belou:
17
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Question 6 continued (.OS(|20°) ‘Sfﬂ(120°))(-3_ﬁ )
(sin(\lo‘) c05(120°) -1+303

matrix multiplication - “rows into columns"

((—5-13) 0s(120°) +(-143§3)(-sin (120°))
(-3-3)sin(120°) + (-1 +3/3) cos(120°)

3_*'_54-"“'5 -6120
( 2 f Y }_ ) :( 2‘,_)
..(3%3) +(|;13_ s) 2-_13
= (-3+ﬁ
-1-31’3)
ne=(=3+H1)y+i{=-33)

METHOD 2: uorkmq wilh a+bi form _
instead of- using exponential form of w=e °-can

convert this into mod-arq form = at+bi form ond then m““"?'n"\g becomes

a simple case of expanding brackets

\-\

cos (2ly) + isin( 273)

now Multipl\oinﬂ
S -,
E>=2|W =(° -2 ( = 1 I
e xpand brackets
=-3+(&B3-1)i-3
g = (-3-RY+i(33-1)
.. for C - tuwo yays:
WAY I: usin g

C= =

== (-3453) +i(-14303)

18
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WAY 2:uSing 2,
C=(-3-B)+i(-1+35)

g(3-B30d m(z)

(o)

=) [c = (-3+B+1(-1-35))
(b) imstrating ABC on a sketch-together uith m.ps

(2

A(6,2)

METHOD 2: using m.ps$

i

¢
(-3+453,-

3[3-1)

¢(

-3, -3 53 -))

> Rela) EDFF "3V

Need area (DEF)
WAV [:(best if spot):

parts

hence {l’ndlng area of ABC
||M l‘
| 3

] 17
= - -;-:-;- - -pe(a) LC Sx

- =

|nou tinding ;%“/I\F- Je242?

::J?:E-I-'
= J40
using sine rule
Lir=rr70—\ ..
£ (1)(J70 ) sini20" |
220 sin (120°)

— -_——

... : Sx 5
= 30J3

=)apEF= L (3003

= -'-;—-.E uml'.fs2

finding each of the midpoints :use formula

(!,{-Il \-’:'Hl)
2, >N

~-for O: .. forE:

(-tﬁw 3E-|+z) (f-s-ﬁi-(-uﬁ) SE-H(-BE-)
2 2 -

z ) \

s using coordinates qiven (n prev.

2



DO NOT WRITE IN THIS AREA

DONOTWRITEIN THIS AREA

Question 6 continued (3 -3 3 G+l ) = (-% -
2, BCY
...for F:
(6+(-3+E) z+(-3;3 ,))
2 )

(3”3 |- sB)

mquzing these on sketch :

i)
. L;Z -5 36i4))

2y 2 D

X
b2

) = 65)

= ﬁ = Can use Sine rule -but
E=F need magnitude of any

o} the three gides DE, OF,

EF - all equal to each other

) Re(2)
E F S
(‘31'“;’ (2’-*_7-}| _:t_ ) -
C
eq. £FD:
-B\!

J(SHS (3 »

(( =30 _ 35-.»!))

=[(R)+(-38B) = [3+23 =J30 = 0F

~area ADEF -

- x)'_ox 30 xsin(66°)

lS‘J— units?
2_

(Total for Question 6 is 9 marks)

p 6 11 7 8 A 01 9 2 8
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Year 1 Matrices - finding the inverse of a matrix; consistency of systems of linear equations

=

Il
N
W W N
|
[

1
k 4] where £ 1s a constant
2 -1

(a) Find the values of k for which the matrix M has an inverse.

(b) Find, in terms of p, the coordinates of the point where the following planes intersect

e

2x -y +z=p
3x—6y+4z=1
3x+2y —z=0

(c) (1) Find the value of g for which the set of simultaneous equations

2x —y + z=1
3x-5y+4z=¢q
3x+2y —z=0

can be solved.

(i1) For this value of g, interpret the solution of the set of simultaneous equations
geometrically.

(a) remembering that for matrix M to means it hag to be
non-sinqular (-e det (M) %0 -hence let's find the value of ‘k' for uhich
Mis sinqular so that k¥ this value
L fl'nding det(M) = 3x3 matrix

Y4 3 k
det(M) = 2| il‘| -(-|)|: _‘I *',s ,
* 2(-k-8) #1(-3-12) +1(c-3k)
expand above
T -2k-16-%-1246 -2k
collect (ke terms
=)-Sk-25 :0

2) Sk=-2§
5 B3

Hk=-S
“for Mto pk¥-5

(b) WAY 1:using matrices

p 6 1 1 7 8 A 0 2 0 2 8
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Question 7 continued

netice qiven @ gystem of linear equtns - hence to find p.o.i need ko solve for

Lusing qeneral formula for matrix equtns : Mx =4 -splitting into matrix
of coefficients, of variables and of constants

23 4)0)-()

now solve fors ( ) ~multiply LHS of each side of the equation by M™!

(-

Linstice ia exam situation can evaluate on
(a0 wnknowns |

- )

factorise /s out

:)( )__1(-2. ! 2)("
S 5S{Li§ -5 -§ l)
24y -3-9/10
RHS- matrix mwltiplication - “rous into « olumas"

X o =2t + (1) +2(0)
- ’s( lS'(p)-S‘(n-s-(o)>
1y4(p)y =) -4(0)
— 1 (-2p4|
A} pr-S)
24p -3

(e 5, 57

WAY 1: algebraically - solving 3 variable Sim.equins for ( )

21



Question 7 continued
Ix-y+2:=p o
Ix-€y+42:| -0
3x +2\J -2:0 ©
eq-eliminate x' from ® and ©
©Ox3 -@x2 _6:-3:,433:3,0
6x-l2yt82=2

Ant eliminate ‘x' from @ and ®

®-0 _%X—Cj +ha=|
3Ix +2y-2 =0

or

now eliminate ‘2! from and
_q, YT }p-2
8y -S2=-|

Subbing 4 into  (the one vithout qnlmour\'p‘)ko geﬁ
g(2o-1) -§2=-|
expand
2Yyp-8-Sp=-|
z) S2:=24p-8+|

Sz=24p-F
+1% 21

=)
now subbing  and > into ANY of ©,® and O for “x'

314'1( )‘( ):O

=) 3x+6p-2 ~24ptF -
S

=) 3 = -‘/SP + 3/5
=3 33
=)

p 6 1 1 7 8 A 0 2 2 2 8

22



=)pmi:( | ’ )

(6)(i) ‘can be solved'sugqests that the system of linear equations is consistent i.e
that there i§ at least one set of values that satisfies all equations Simultancously

METHOD |:eliminate ‘2"
Lto preve consistency need to eliminate eq. "2 out of any 2 pairs of liaear equins
Ax-y+2=[ -0
ix -Sy+h =2-0
x t1y-t= 0@
eliminate ‘2" from 0and®

-9 ex-4yt4r=4
T x-Sy t4r=¢
WAY | : and similarly from O and © WAY 2: similarly for ® and ©
O+® - = P
+ +2?:fc+\'1z“ | 0T Bx-sysuesq
X+2y-2=0 12X +8y-42:= 0
ISy + 3\3 =q
but the  and  have tobe consistent | but ~ and  have to be consistent-if
S0 given LMS of both are equal, LHS share a Scalar multiple of 3 \then
RHS alse have tobe equal RHS x3 shouwld equal RHS of
=) b-q=| 3y-q)=2
=)q=3 expand
12-3q =9
=)Yq =12
a3

METHOD 2:allocating & number to a variable

2x-yt2=| -0
3x -Sythr=q -0
3¢ +2~J‘l =0 ©®
-- to solve, let
LY solving © and ©®
2(1)-y+2=1 0
3 ( )*23-2:0-@

...Solve
R LS T

+ 2] -2:-3



Question 7 continued

sub (nto any of 0 or®
-(-)42=-|

Y+z=-|

=)

because all thre@ equations share a common, ( ) then if sub abave into @ -
|

Sheuld give desired valve of ‘q)
) -5(-+) +4(-5) =2
%) 3+420-20 =q
s) 1':5

Lii) 0 conSu’sl:Qn’t| means only 2 qeomclrim( interpretations:
*same plane
“sheat
but (onsidesing 0,0 and. ©® séraight auay ve can see that these are
N OT scalar multiples of each other = N OT came plose

<) form @ Sheaf

(Total for Question 7 is 11 marks)
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Year 2 Volumes of revolution -volumes of revolution about the y-axis; modelling

4+—236m———» VA
A B B
D
‘ ; 1 I,
X
<+“—?2m——>
Figure 1 Figure 2

Figure 1 shows the central vertical cross section ABCD of a paddling pool that has a
circular horizontal cross section. Measurements of the diameters of the top and bottom
of the paddling pool have been taken in order to estimate the volume of water that the
paddling pool can contain.

Using these measurements, the curve BD is modelled by the equation

- S S

y=In(G.6x -k |1<x< 118

- T —

as shown in Figure 2.

(a) Find the value of k.

(b) Find the depth of the paddling pool according to this model.

The pool is being filled with water from a tap.

(c) Find, in terms of 4, the volume of water in the pool when the pool is filled to a depth

£ hm,
of hm._ 4LEMETS

Given that the pool is being filled at a constant rate of 15 litres every minute,

(d) find, in_ cmh’!, the rate at which the water level is rising in the pool when the depth of

P

the water is 0.2 m.

(a) looking at Fiq 2 - See how the coordinakes of D would be (1,0)
Lsubbing these int0 the equation for
ozln(3.6(1)-k)
0=tn(3.6-k)

grom l6q properties kndw that logs are equal to O only

for (n(1) = 3.6-k =]
=) k= 3.6-1
=) k=26

“Yys ln(S.Gx-Z.é)

p 6 1 1 7 8 A 0 2 4 2 8
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Question 8 continued

(b) fmdlng the depth requires usto find the’ ~3 coordinate of

~Sub in x=1.18 ({.rom ) into cuvve @D
23y =In(3.6(1.128)-2.6)
in (1.648)
=) Yy=0.4995¢. ..

=)/depth =0.500m (to 3s.f)

Ce) to find the volume of ua’cer\need. to use formula for volume of revolution
around the ‘y-axis': 8
V= ITJ )(."dj

but our &p is given as an expression

in 4" -~ rearrange for ‘x':
ed =3.6x-2.€
2) 3.6czed4
);.3;6:: e 26_3.‘
set+2.6
3.6
=) x'= C’*Z.C)I
3.6

Sublnng info inteqral uith (vetticient out in front:

a ‘T( )
B edi2.6)d
3.6% I
expand brackets
h
.,:n"z‘fo (qu +S.2e‘5+€.?6 )d,
integrate -use je,“‘la.j : -'l:e"‘l-rc.

;6 [o.s'ez’af §.2e3+ (.?63'] "

f— g[os’ thys2e™r636h] - }
ser [05e™ +S2eh 4 3¢h -5 7]
342
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Question 8 continued _ -y '\ = (‘LS‘ e’-'\ +CS‘ h \(q
VE s i 5,_qh' zlc)"‘

(d) interpret ‘rate at uhich waker Jevel is r|'sin3‘ as % and.

as

but need in cmh”' so

\S
using connected rates of change 1000
a dh_
need °2 o
given = need to Jind
VAY I: differeatiate and —— to qet
dd‘:\ 362( u\-ISZe. 4’6?6)
vhen ’\—Z,
= a1 2002) 0.2
“z( e" is2e 4 ¢.36)
=3.53.. cmh!

svb into Connected rate of change -

dh

dt
=0.25Y...

= 0.254emh ™! (3s4)

X

x60 =0.9

WAY 2: interpreting ‘depth' a§ “y' for which x=0.2 -svb into rearranged

equation for curve B D
= e’ 2+2.6
3.6

=)A= ,.(e +zc) - 3.59

p 6 1 1 7 8 A 0 2 6 2 8
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Question 8 continued — x 0.9
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'DONOTWRITE INTHIS AREA
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Question 8 continued

%
9%
9%
X KKK
e

X

XX

690
QK
55055

%

oSe%
%% %%

I

(Total for Question 8 is 11 marks)

TOTAL FOR PAPER IS 75 MARKS
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